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THE FIRST HOMOLOGY GROUP OF THE MAPPING 
CLASS GROUP OF A NONORIENTABLE SURFACE WITH 
TWISTED COEFFICIENTS 

MICHAL STUKOW 


Abstract. We determine the first homology group of the mapping class 
group M(N) of a nonorientable surface N with coefficients in Hi(N;Z). 


1. Introduction 

Let Ng }S be a smooth, nonorientable, compact surface of genus g with s 
boundary components. If s is zero, then we omit it from the notation. If we 
do not want to emphasise the numbers g, s, we simply write N for a surface 
Ng jS . Recall that N g is a connected sum of g projective planes and N 9jS is 
obtained from N g by removing s open discs. 

Let Diff(lV) be the group of all diffeomorphisms h: N — > N such that 
h is the identity on each boundary component. By A4(N) we denote the 
quotient group of Diff(lV) by the subgroup consisting of maps isotopic to the 
identity, where we assume that isotopies are the identity on each boundary 
component. .Ad(IV) is called the mapping class group of N. 

The mapping class group M.(S gjS ) of an orientable surface is defined anal¬ 
ogously, but we consider only orientation preserving maps. 

1.1. Background. Homological computations play a prominent role in the 
theory of mapping class groups. In the orientable case, Mumford |l0] ob¬ 
served that Hi(A4(S g )) is a quotient of Zio- Then Birman 11,21 showed 
that if g > 3 then Hi(A4(S g )) is a quotient of Z 2 , and Powell 1121 showed 
that in fact Hi(A4(S g )) is trivial if g > 3. As for higher homology groups, 
Harer |4, 5 computed Hi(M(S g )) for i = 2,3 and Madsen and Weiss (8| 
determined the integral cohomology ring of the stable mapping class group. 

In the nonorientable case, Korkmaz |6,[7] computed Hi(A4(N g )) for a 
closed surface N g (possibly with marked points). This computation was 
later [13] extended to the case of a surface with boundary. As for higher 
homology groups, Wahl [17] identified the stable rational cohomology of 
M(N). 


2000 Mathematics Subject Classification. Primary 57N05; Secondary 20F38, 57M99. 
Key words and phrases. Mapping class group, Homology of groups, Nonorientable 
surface. 

Supported by NCN grant 2012/05/B/ST1/02171. 

1 




2 


MICHAL STUKOW 


As for twisted coefficients, Morita [9| proved that 

H l {M(S g )- 1 H l {S g -'L)) ^ Z 29 _ 2 , for g > 2. 

There are also similar computations for the hyperelliptic mapping class 
groups. Tanaka 16 showed that H\(M. h (S q )\ H\ (S q : Z)) = Z 2 for g > 2 


and in the nonorientable case we showed in 1151 that 

Hi(M h (N g ); Hi(N g -,Z)) = Z 2 © Z 2 © Z 2 , for g > 3. 


1.2. Main results. The purpose of this paper is to prove the following 
theorem. 


Theorem 1.1. If N g ^ s is a nonorientable surface of genus g > 3 with s < 1 
boundary components, then 


H 1 (M(N g>s y,H 1 (N gia] Z))'* 


z 2 © z 2 © z 2 
z 2 © z 2 


if g € {3,4, 5, 6} 
if 9 > 7- 


The starting point for this computation is the presentation for the map¬ 
ping class group M.(N g>s ), where g + s > 3 and s € {0,1}, obtained recently 
by Paris and Szepietowski 111] (Theorems 2.1 and 2.2). 


2. Preliminaries 

2.1. Nonorientable surfaces. Represent surfaces N g o and N g j as respec¬ 
tively a sphere or a disc with g crosscaps and let or, ..., a s _i, (I\,..., 0 g ~2 
be two-sided circles indicated in Figures [l] and [2] Small arrows in these fig- 



Figure 1. Surface N g [AT ff) i] as a sphere [disc] with crosscaps, 
ures indicate directions of Dehn twists ai, , o 0 _i, b±, ..., bg~ 2 associated 

2 

with these circles. 

For any two consecutive crosscaps Hi,fii +1 we define a crosscap transpo¬ 
sition Ui to be the map which interchanges these two crosscaps (see Figure 
[ 3 ]). Moreover, if N g is closed, then we define 

g = aia 2 • • • a g -iu g -i ■ ■ ■ U2U1. 

Element q represents the hyperelliptic involution, that is the reflection of N g 
across the plane containing the centers of crosscaps in Figure [T]- for details 
see |7r> . 
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Figure 2 . Circles , @ 2 , ■ ■ ■, 2 . 

2 



Figure 3. Crosscap transposition. 


Recently Paris and Szepietowski 111 obtained a simple presentation for 
the mapping class group -M(AT 9jS ) if g + s > 3 and s e {0,1}. The next two 
theorems state a sightly simplified version of Paris-Szpietowski presentation 
(see Proposition 3.3 and Corollaries 3.2, 3.4 of |14]). 

Theorem 2.1. If g >3 is odd or g = 4, then M{N g {) admits a presentation 
with generators: ai,..., a s _i, u \,..., rt m i n { 5 )ff _u and b\ for g > 4. The 
defining relations are: 

(Al) ajCi k = a k aj for g > 4. | j - k\ > 1, 

(A2) tijj<ij . 1 Oj — (ij | 1 (i-jiij . 1 for j — 1 g 2 , 

(A3) ajbi = bia-j for g > 4, j / 4, 

(A4) 610461 = 046104 /or g > 5, 

(A5) (a 2 a 3 a 4 6 i ) 10 = (oi 02 a 3 a 4 6 i ) 6 for g> 5, 

(A 6 ) (a 2 a 3 a 405 a 6 6 i ) 12 = (aia 2 a 3 a 4 a 5 a 6 6 i ) 9 for g > 7, 

(Bl) uiu 3 = u 3 ui for g> 4, 

(B2) U 1 U 2 U 1 = U 2 U 1 U 2 , 

(Cl) uiaj = ajui for g > 4, j = 3,..., g - 1, 

(C2) ai'U 2 ui = U2U\a2, 

(C4) a\U\ai = u\, 

(C5) Uj+iajaj+iUj = aja j+1 for j = 1,..., min{5, g - 1}, 

(C6) (u 3 6i) 2 = (aia2a 3 ) 2 ('Oiu 2 ii3) 2 for g > 4, 

(C7) u 5 bi = 61-05 for g> 6 , 

(C 8 ) 61047/4 = 04 - 04 ( 040302010102 - 03 - 04)61 for g > 5. 
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If g > 6 is even, then -M(IV Si i) admits a presentation with generators: 
ai,, a g -\, u\, ... ,U 5 and additionally: bo, b±,..., b ^. The defining rela¬ 
tions are relations: (Al)-(A6), (B1)-(B2), (C1)-(C8) above and addition¬ 
ally: 

(A7) bo = ai, 

(A8) bj + \{bj-\a2ja2j+ia2j+2^2j+z) % = (/h-i a 2j a 2j+ia2j+2«2j+3frj) 5 
for 1 < j < , 

(A9a) b 2 b\ = b\b 2 for g = 6, 

(A9b) bg- 2 a g - 5 = a g - 5 bg ^_2 for g > 8. 


Theorem 2.2. If g > 4, then the group M(N g fi) is isomorphic to the 


quotient of the group A4(N 9t i) with the presentation given in Theorem 2.1 
obtained by adding a generator g and relations: 

1 forg even 
g for g odd, 

(Dl) gaj = ajg for j = 1,..., g - 1, 

(D2) uigu\ = g, 


(B3) (aia 2 ■ ■ ■ a g - 1) 9 = 


(E) 

(F) 


£ 2 = F 


Oiaia 2 a 3 • • • a g -ig ) 9 1 = 1. 


2.2. Homology of groups. Let us briefly review how to compute the first 
homology of a group with twisted coefficients - for more details see Section 5 
of |[l5| and references there. 

For a given group G and G'-module AI (that is ZG-module) we de¬ 
fine C 2 {G),C 1 (G) as the free G- modules generated respectively by symbols 
[/ii| ^ 2 ] and [/ii], where hi G G. We define also Cq{G) as the free G'-module 
generated by the empty bracket [•]. Then the first homology group L/i(G; M) 
is the first homology group of the complex 


G 2 (G) M d2(Z>Gl i C\{G) ® G M ch0Gl i Co{G) ® G M , 


where 

d 2 {\hi\h 2 \) = h\ [/i 2 ] - [hih 2 ] + [hi], 
di ([h]) = h[-]-[-]. 

For simplicity, we write (8 >g = ® and d <8> id = d henceforth. 

If the group G has a presentation G = (X \ R) and 

(X) = ([x] <g> m | x G X, m G M) C C\{G) 0 M, 

then Hi(G ; M) is a quotient of (X) n ker d\. 

The kernel of this quotient corresponds to relations in G (that is elements 
of R). To be more precise, if r G R has the form x\ ■ • ■ Xk = yi ■ • • y n and 
m G M, then r gives the relation (in ILi(G; M )) 

k n 

r®m: ■ • ■ Xi-i[xi] 0 m = ^yi ■ ■ -yi-i[yi] ®rn. 

1=1 2=1 


( 2 . 1 ) 





THE FIRST HOMOLOGY GROUP OF THE MAPPING... 


5 


Then 


where 


Hi(G\M) = (X) nkerdi /(R), 


R = {r © m \ r E R, m G M}. 


3. Action of M(N 9tS ) on Hi(N g y,Z) 

Let ci,... ,c g be one-sided circles indicated in Figure [l] Recall that if 
s E {0,1}, then the Z-module Hi(N g<s - Z) is generated by 71 = [ci],... , 7 S = 
[c g ]. If s = 1 then 71 ..... n / g are free generators of Hi(N gtS \Z), and if s = 0 
then they generate H\ (N g _ s ', Z) with respect to the single relation 

2(71 +72 H-h7 9 ) = 0. 


The mapping class group A i(N 9tS ) acts on iLi(IV SiS ; Z), hence we have a 
representation 

V’ : M(Ng !S ) Aut(iLi(Ag )S ;Z)). 

It is straightforward to check that 


(3.1) 


V’(aj) = Ij-i 


ii a j ) = 4-i 


0 1 

-1 2 

2 -1 

1 0 


1 19-3 - 1 


1 4-i-1 


11 

X 

S 

— 4-1 © 

0 

1 

l' 

0 

© 

-1 




-1 

1 

-1 .. 

. 1 




-1 

1 

-1 .. 

. 1 

bj ) 

- 4 + 









-1 

1 

-1 .. 

. 1 



'1 


-1 

1 ... 

- 1 ' 



1 


-1 

1 ... 

-1 

= 4 + 








1 


-1 

1 ... 

-1 

^( 0 ) 

= ^{e 4 

= 

-4 


is the identity matrix of 

rank k. 




© 0 9 _( 2j+ 2) 


J 2j+2 


© 0 9 -(2j+2) 


J 2j+2 


4. Computing (A) n ker <4 


If h E G, then 

di([h\ © 7 i) = (h - 1)[-] © 7* = {^{h)~ l - 4)7*, 

where we identified Cq(G) © M with M by the map [•] © m 1 —>• m. 
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Let us denote [a 3 \ (87*, [uj\ <8>7i, [f?] <87 * respectively by a 3 .i, u 3 ,7 Qi. Using 
we obtain 


formulas 3.1 


(4.1) 




di (uj'i) 


di(Qi) 


7 j + 7?+i if i=j 

< -7 3 ~ 7j+i if * = j + 1 

0 otherwise, 

-7 3 + 7j'+i if * = j 

< 7? - 7?+i if i = j + 1 

0 otherwise, 

7i + 72 4-1- l 2 j +2 if i = 1,3,..., 2/ + 1 

< _ 7l - 72 H -7 2j+2 if i = 2, 4 , ..., 2/ + 2 

0 otherwise, 

-27*. 


Proposition 4 . 1 . Let g > 4 and G = M(N 9: 0). TTien (X) n kercb is f/ie 
abelian group which admits the presentation with generators: 

(Gl) a j}i for j = 1 ,... ,g - 1 and i = 1 ,... ,j - l,j 4 - 2 ,... ,g, 

(G 2 ) ajj + ajj + 1 for j = 1 ,..., g - 1 , 

(G 3 ) 1x7* /or j = 1 , 2 ,..., min{ 5 , g - 1} and i = 1 ,..., j - 1 , j + 2 ,... ,g, 
(G 4 ) ujj + u jjj+ 1 /or J = 1,2,..., min{ 5 , g - 1}, 

(G 5 ) a jtj - a j+ ij+i + Ujj + %+ij+i /or / = 1 , 2 ,..., min{ 5 , g - 1 }, 

(G6) 2 a jtj + Qj + g j+ 1 for j = l,...,g-l, 

(G 7 ) aip 4 - £1 = nip, 

(G8) 67* for i = 2j + 3 ,..., g, 

(G 9 ) 672* + 67 1 for i = 1 ,...,/ + 1 , 

(G 10 ) 672*71 - 671 /or i = 1 ,...,/, 

(Gil) 671 — 01,1 — 03,3 — • • • — a2j + l,2jr + l; 

(G 12 ) 1 0,1,1 + 2 ° 2,2 + 2<X4,4 ^- 2a 9-b9-1 “ «i,i if .9 odd 

\2ai7 + 2a 3i3 4 -b 2a 9 _i i5 _i if g is even, 

and relations: 

r aj '■ 0 = 2071 4 -b 2(ajj + a 3 , 3+ \) 4 -b 2 a ji9 for j = 1,..., g - 1 

r Uj • 0 — 21x71 4 “ * * * 4 “ 2(1171 4 ” ^4,4+i) 4 " ' ’ ’ 4 " 2 iU,9 

/or / = 1 ,..., min{ 5 ,7 - 1 } 

: 0 = 2(672 4 - 671) 4 - • • • 4 - 2(672^+2 4 - 671) 

4 - 2(673 — 671) 4 - • • • 4 - 2(672^+1 — 671) 4 - 2672^+3 4 - • • • 4 - 2bj y9 

2(017 + £h — «i,i) 4 - 2(2a2,2 4 - £2 4 - Q3 ) 4 - • • • 4 - 2 ( 2 a 9 _i i5 _i 4 - 2 4 - £>g) 

J = 2 (ai,i 4 - 2a 2 ,2 4 -b 2 a 9 _i )5 _i — 1*17) if g is odd 

2(2ai7 4- qi 4- Q2 ) 4 - • • • 4 - 2 ( 2 a s _i i9 _i 4 - 6g-i + 6g) 

= 2(2ai7 + 2a 3,3 4 -b 2 a 5 _i !5 _i) if g is even. 
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Proof. By Theorem 


2.2 


(. X ) is generated by ajj,Ujj,bjj and Qi. Using 
formulas 4.1 it is straightforward to check that elements (G1)-(G12) are 


elements ofkerdi. Moreover, 


2 cjj,i + + ■ ■ ■ T 2 cij t g — [ aj ] (S> 2(71 + ■■■-(- 7 g) — 0 , 

hence r a . is indeed a relation. Similarly we check that r Uj , r^. and r g are 
relations. 

Observe that using relations r aj , r Uj , 77 ,. and r e we can substitute for 2 aj t9 , 
2uj t g, 2bj, g and 2 g g respectively, hence each element in ( X ) can be written 
as a linear combination of aj :l . ujbjj, Qi, where each of aj t9 , Uj t9 , bj t9 , q 9 has 
the coefficient 0 or 1. Moreover, for a given x G (X) C C\(G) <g> Hi(N g \Z) 
such a combination is unique. Hence for the rest of the proof we assume 
that linear combinations of a,j i,Uj i,bjj, Qj satisfy this condition. 

Suppose that h G (X) n ker <9 1 . We will show that h can be uniquely 
expressed as a linear combination of generators (G1)-(G12). 

We decompose h as follows: 

• h = ho = hi + h, 2 , where hi is a combination of generators (G1)-(G2) 
and /12 does not contain 077 with i j; 

• h 2 = /13 + h/i, where /13 is a combination of generators (G3)-(G4) 
and hi does not contain Uj i with i j; 

• hi = /15 + ha , where /15 is a combination of generators (G5) and he 
does not contain Ujj for j > 1 ; 

• he = h'l + hg, where hj is a combination of generators (G6) and h$ 
does not contain for j > 1; 

• hs = hg + hio, where hg is a multiple of generator (G7) and hio does 
not contain 

• h\e = hu+h\ 2 , where hu is a combination of generators (G8)-(G10) 
and hi 2 does not contain bj j for i / 1 ; 

• h 12 = /113 + /?■ 14 , where /113 is a combination of generators (Gil) and 
h\i does not contain bj j. 

Observe also that for each k = 0 ,..., 12 , /ifc+i and /ifc +2 are uniquely deter¬ 
mined by hk- Element hu has the form 

9 -1 

hu = E atj a j,j + cmiq 

i=i 

for some integers a, 07 ,, a g _i. Hence 

0 = Si(/ii 4 ) = (ai - a)7i + («i + «2 + a)72 + («2 + 03)73 H-1- a s -i7g- 

If <7 is odd this implies that 


O'2 = 04 = • • • = Og-l = 27 ’, 03 = 05 = • • • = Og-2 =0, Ol = k, a = —k 
for some k G Z. For g even we get 

Ol = O 3 = «5 = ■ ■ ■ = Oig-l = 27, 02 = O 4 = ■ ■ ■ = OLg -2 =0, cc = 0. 

In both cases h\ 4 is a multiple of the generator (G12). □ 
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By an analogous argument we get 

Proposition 4.2. Let g > 3 and G = A4(N g , i). Then (X ) n kercb is the 
abelian group generated freely by: 

(Gl) a jti forj = l,...,g-landi = l,...,j-l,j + 2,...,g, 

(G2) ajj + a jtj+ i for j = 1,..., g - 1, 

(G3) Ujj for j = 1,2 ,... ,min{5 ,g- 1} and i = 1,..., j - 1, j + 2,..., g, 
(G4) u j}j + u jJ+ 1 for j = 1,2 ,..., min{5, g - 1}, 

(G5) a jtj - fflj+i j+i + Ujj + u j+ ij+i for j = 1,2,..., min{5, g - 1}, 

(G8) b jt i for i = 2j + 3,..., g, 

(G9) bj t 2 i + b jt i for i = 1 ,... ,j + 1, 

(G10) bj. 2 i+\ + bj t i for i = 1 -- j, 

(Gil) bj t 1 — 01,1 — 03,3 — • • • — 02j + l,2j+l ■ 


5. Computing Hi(M(N 9jS y, Hi(N g y,%)) 

Using formula ( |2.1[ ) we rewrite relations from Theorems 2.1 and 2.2 
relations in Hi(J\4(N g}S ); Hi(N g y, Z)) 


as 


(Al)—(A2). Relation (Al) gives 

r j A h:i : 0 = ([«?] + a ji a k] - [a fc ] - a k [aj ]) <g) 7* 


= a jt i + [a*] ® V^Oj 1 )7* - Ofc,j - [ay] <g> V>( a fc X )7* 


= ± 


0 

Ofcj T Ofc j_j_i 
, Oj,fc T aj,fc_)_i 


if * ^ {j, j + 1 , A;,/c + 1 } 

if * e {j, j + 1} 

if i G {&, A: + 1}. 


Relation (A2) gives 

r i(l 2): 0 =(M + Oj[oj+i] + aj a j+ i[oj] 

[ a j+i] ^j+i[^] [®j+i]) ® Ti 

= [«j] ® (4 + ^(oJ+iOT 1 ) - ■0(o“+ 1 ))7i 

+ K+i] ® (^(oj 1 ) - Ig - ^(aJ 1 o7+ 1 )) 7 i 

" a i,i - a j+M if * ^ O', J + 1, J + 2} 

_ < a jj +2 — a j+iJ if * = i + 2 

(*) + 2 (ajj + a ij+ i) if * = j 

. (*) _ ( a j,j + a id+i) — ( a i+i,j+i + a i+i,j+2) if * = j + 1- 


In the above formula (*) denotes some expression homologous to 0 by pre¬ 
viously obtained relations. As we progress further, we will often perform 
simplifications based on previously obtained relations, from now on we will 
use symbol ’=’ in such cases. 

Carefully checking relations r[^] and r\ A -^ we conclude that generators 

jiK.l J.t 

(Gl) generate a cyclic group, and generators (G2) generate a cyclic group 
of order at most 2. 
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(C4). Relation (C4) gives 

r| C4) : 0 =([ai] + ai[ui\ + aiuifai] - [m]) 

=oi,i + [ui] <S> + [ai] <g> ^(u^ 1 ^ 1 ) 7* - uij 

( 111,1 + + 2(ai.i + ai )2 ) for i = 1 

= ± rim + 111,2 for i = 2 

2ai,i = 0 for i > 2. 

Hence the cyclic group generated by generators (Gl) has order at most 2 
and generator (G4) is trivial for j = 1. 

(Cl). Relation (Cl) gives 
(ex') 

r j-.i : 0 =(M + u ii a j] - [ a j ] - a j M) ® 7i 

=m,i + [aj] (8) '0(«r 1 )7i - a j,i - [«i] ® fpiaj 1 ) 7* 

flj, 1 — aj ; 2 for i 6 {1, 2} 

= ± iR,j + ui,j+i for i € {j,j + 1} 

0 for i 0 {1, 2 ,j,j + 1}. 

The above relation implies that generators (G3) of the form uij where j > 3 
generate a cyclic group (note that this statement holds also for g = 3). 

(C5). Relation (C5) gives 

r jT ]: 0 =(K?+i] + “i+iKl + Uj +1 cij[a j+1 \ + Uj+idjCij+iluj] - [dj] - aj[a J+ i]) <g> 7 * 

=Uj+i,i + [aj] <8> (^(^ 7 + 1 ) ~~ 4bi + l a J+ 1 ] ® - ^(a“ 1 ))7i 

+ [«j] ® V ; ( a 7+ 1 a 7 lw 7+ 1 )7* 

Uj+ij + Ujj if i 0 {j, J + 1 , j + 2 } 

(uj+ij + Ujj+ 2 ) + 2(ujj + Ujj+i) if i = j 

( a j,j ~ a j+ij+i + u j,j + Ti+bi+i) 

-(ajj + aj J+ i) if * = j + 1 

~( a j,j ~~ a j+iJ+i + u j,j + u i+i,l+i) 

+(«j+ij+i + Uj+ij+ 2 ) if i = j + 2 . 

From the last two equalities we obtain that generators (G4) generate a 
cyclic group, which by relation (C4) is trivial. Hence generators (G5) are 
also trivial. 

Now we are going to show that generators (G3) generate a cyclic group. 

If k < i — 1 then from the first equality and relation (Cl) we have 

Uk,i = ~ u k-i,i = • • • = ±ui,i = ± 111 , 3 - 
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As for the elements Uk,i with k > i, by the the first two equalities, 

«5,4 = —^4,6 

115,3 = “114,3 = 1*3,5 

115,2 = —H4,2 = H3,2 = —112,4 

H5,l = —H4,l = H3,l = —112,1 = 1*1,3- 

Hence in fact generators (G3) generate a cyclic group. 


(B2). Relation (B2) gives 


r\ :0 = ([«i] + iti[112] + U1U2[111] - [112] 


ii 2 [111] - U2H1 [112]) ® 7 * 


= 


^1,2 ^2,2 
Ml,3 - M2,l 


k (ni,i +111,2) - (112,2 +112,3) - (111,3 -112,1) 


if i > 3 
if i € { 1 ,3} 
if i = 2 . 


In particular, 1 x 1,3 = 1 x 2 , 1 - But relation (C5) implies that 1 x 1,3 = — 112 , 1 - 
Hence the cyclic group generated by generators (G3) has order at most 2 . 


(Bl). Relation (Bl) gives 

r( m) : 0 = ([ 1 x 1 ] + 1 x 1 [ix 3 ] - [ 1 x 3 ] - 1x3 [ni]) ® 7 i 


= ± 


< 1 x 3,2 - 1 x 3,1 
k Hl,4 — Hi,3 


if i > 4 
if i € { 1 , 2 } 
if i G { 3 , 4 }. 


This relation gives no new information. 


(C2). Relation (C2) gives 


(C2) 

1 : 0 = ([ai] + ai[ix 2 ] + aiix 2 [iti] - [ix 2 ] - u 2 [ui] 


ii 2 ni[a 2 ]) ® 7i 


ai,t — 02,i 


= ± 


(ai,i - a 2 , 2 + m,i + 112,2) + (m,3 + 112,1) 

(01,1 + 01,2) — (®2,2 + 02,3) 

— (®1,1 - 02,2 + lli,i + 112,2) - (lll,3 + ll2,l) 


01,3 — 02.1 


if i > 3 
if i = l 

if i = 2 
if i = 3. 


This relation gives no new information. 

Note that at this point we proved Theorem 0 for N = 1V 3 , 1 , 

-ffi(iV 3 ,i; Z)) = (01,3, ai,i + 01,2,111,3) = Z2 © Z2 © Z2. 


Observe also that for N = N^q, Theorem 0 follows from Theorem 5.4 
of 15 , hence from now we assume that g > 4 . 
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(A 3 ). Relation (A 3 ) gives 

r jf ] : 0 = (M + a iN - M “ M a j}) ® 7 i 

= a jt i + [bi] <g> ~ bi,i - [aj\ <g> ipfc 1 )^. 

If i / j and i / j + 1 , then we get 

" (ai,i + 01,2) + (01,3 + 01,4) if j = 1 and i £ { 3 , 4 } 

Q _ ( (a 2 ,2 + a 2 , 3 ) + (02,1 + a 2 , 4 ) if J = 2 and * £ { 1 , 4 } 

(03,3 + 03,4) + (a.3,1 + a 3,2) if j = 3 and i £ { 1 , 2 } 

0 if j > 4 or i > 4 

By relation A Al \ this implies that generators (G 2 ) are trivial for g > 4 . 
For i = j and i = j + 1 we get 


0 = ± 


(&1,1 + &1, 2 ) — («1,1 + Ol, 2 ) — («1,3 + ai,4) 

(61,1 + 61,2) + (61, 3 — &i,i) + (a 2 ,2 + 02,3) + (« 2 ,i + 02,4) 

(bi,3 ~ b 1,1) + (&i,i + 61,4) — (03,3 + 03,4) — (037 + 03,2) 


[bij + bij+i 


if j = 1 

if 3 = 2 

if j = 3 
if j > 4. 


This implies that generators (G8) for j = 1 generate a cyclic group, and 
generators (G9)-(G10) are trivial for j = 1. 


(A 4 ). Relation (A 4 ) gives 

rj A4) : 0 = ([61] + b\ [a 4 ] + &ia 4 [&i] - [a 4 ] - a 4 [i>i] - a 4 &i[a 4 ]) <87* = 

= &i,i + [a 4 ] <8> + [61] ® ' 0 («r 1& r 1 ) 7 * - ® 4 ,« 

- [61] <8> 1 )7* - [04] <8) 1 ) 7 * 

±(61,5 — 04,1) if i £ { 1 , 2 , 3 } 

_ —615 — (0.4,4 + 04,5) + (04,1 + 04,2 + 04,3) if i = 4 

61,5 — 04,1 — 04,2 — 04,3 if i = 5 

— a 4 ,j if* > 5 . 

This implies that generators (G8) for j = 1 are in the cyclic group generated 
by generators (Gl). 

(C6) and simplification trick. Relation (C6) gives 

r^ C6) : 0 = (1 + u 3 bi)([u 3 \ + 03(61]) <8> 7i - (1 + aia 2 a 3 )([ai] + ai[a 2 ] + aia 2 [a 3 ]) <g) 7* 

- (aia 2 a 3 ) 2 (l + oio 2 03)([oi] +oi[o 2 ] + «io 2 [o 3 ]) < 8 ) 7 * 

For i > 4 this easily yields 

2 &i,i 2 (oiy -)- o 2 ,i T o 3 ,i) 2 (oi ; 2 T 02,2), 

which gives no new information. 
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The computations for i £ {1,2,3} are a bit cumbersome, hence before 
we go into the details, we make a couple of observations which will greatly 
simplify the situation. 

• Observe first that if we express r^ C6 \ i £ {1,2,3} as a combination 
of generators (G1)-(G5),(G8)-(G12), as we did before for other re¬ 
lations, we will obtain an expression without generators (G12). The 
reason for this is that relation (C 6 ) does not depend on g, hence the 
resulting expression will be the same for all g > 4 and it will not 
contain ajj with j > 4. 

• In the obtained expression for r^ Ce \ i £ {1, 2, 3} we can perform the 
following changes, which are consequences of previously obtained 
relations. 

— We replace each generator (Gl) with ays and each generator 
(G3) with 1 x 1 , 3 . Moreover, since 2 ai ,3 = 0, we can assume that 
a i ; 3 has the coefficient 0 or 1. The same for 1 x 1 , 3 . 

— Since generators (G2) and (G4) are trivial, we can remove all el¬ 
ements aj,j+\ and Uj ! j +1 (we replace them respectively by —ajj 
and — Uj.j ). 

— Since generators (G5) are trivial, we remove elements Ujj for 
j > 1. Observe that the obtained expression automatically does 
not contain 1 x 1 , 1 . 

— Since generators (G9)-(G10) are trivial for j = 1 , we replace 
elements b\^ for i > 1 with ±&i,i. 

• As the result of the above changes we obtain an expression for rf'^ 
which involves only 01 , 3 , 1 x 1,3 and generators (G 8 ), (Gil). Observe 
also that coefficients of generators (Gil) are uniquely determined by 
coefficients of corresponding bj,\. 

The above analysis implies that during the transformation of we can 
completely ignore elements cijj , a j.j+i , u j,j , u j,j+ii and the elements ay a Uj,i 
with i {j,j + 1 } are subject to the equivalence ±ayx = 01 , 3 , Tixy* = 1 x 1 , 3 . 
In particular we can ignore all elements of the form 


[aj] <8> 2m, [ixj] <8> 2m, for m £ H\ (N g : Z) 


and as a result 

K] <8) V’( a fe 1 )7j = K] <8> V’(iXfc)7i, 
[uj\ <g> ■0(a^ :1 )7i = [uj\ <g> x/’(ixfc)7i- 
Consequently, if w is any word in letters 

„±! h^X 
rj-i'u J 


{af\ 


„±1 7 .±! 

• > a g—\i U 1 > 


and id' is the word obtained from ic by replacing each a^ 1 with Uk then 


[cij] <g> = [aj] (8) V>( w')li , 

[ixj] <8> V’( , a’)7i = K'] <8> 
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Returning to the relation r^ Ce \ it is equivalent to 

rf C6) : 0 = ([o 3 ] + 03 ( 64 ]) <g> (I g + -0(&r lw 3))7i 

- ([ai] + ni[a 2 ] + uiu 2 [a 3 ]) <g> (I g + i>{u 3 u 2 ui))^i 

- ([ 04 ] + Ul[u 2 ] + UlU 2 [u 3 }) <g) (il)((u 3 u 2 ui) 2 ) + ^({u 3 U 2 Ulf))^i 

_ f ± 2(614 — °i,i — a 3,3) if * € { 1 , 2 } 

= [0 if i £ {3,4}. 

Hence generator (Gil) has order 2 for j = 1. In particular, as in the case 
of [(ij\ and [uj\, we can ignore elements of the form 

[ 61 ] (g> 2m, for m € Hi(N g -,Z). 

Consequently, 

[ 61 ] <g> ij)(w)7 i = [ 61 ] (g) 7 i, 

where 0 / is the word obtained from w by replacing each a ^ 1 with u 
Note that at this point we have proved Theorem 0 for N = IV44, 

= (a 44,ui )3 , 614 — 014 — a 3;3 ) = Z 2 © Z 2 © Z 2 . 


if z > 6 
if 1 £ {5,6} 
if * G {1,2,3,4}. 


(C7). Relation (C7) gives 

r| C7) : 0 = ([o 5 ] + 05(64] - [61] - 64(05]) ® 7* 

= [ 115 ] ® (4 - V^ 1 ))^ - [&i] ® ( I g ~ V’(^5))7 

0 

= ± < & 1,5 — & 1,6 

^054 + H 5,2 + H 5,3 ± 115,4 
This relation gives no new information. 

(C8). Since u 2 = id as an automorphism of 77i(lV;Z), relation (C 8 ) gives 

r \ : 0 = ([a 4 ] + 04(04] + 0404(04] ± 040404 [a 3 ] + a4it 4 a 4 a 3 [a 2 ]) <g) 7* 

+ (o40404a 3 o 2 [04] + a4ii4U4G. 3 u 2 Gq [04] + 0404a4a 3 a 2 0404[o 2 ]) (g) 7* 
+ (a 4 ii 4 a 4 a 3 a 2 aiuiu 2 [u 3 ] + a^uia^a 3 a 2 aiu\u 2 u 3 [u 4 \) (g) 7j 
+ (0404040^04040^04(64] - [61] - 64(04] - 6404(04]) <g) 7* 

= ([a 4 ] + o 4 [o 4 ] ± [a 4 ] + o 4 [a 3 ] + o 4 o 3 [a 2 ] + o 4 o 3 o 2 [ai]) (g) 7* 

+ (o 4 ri 3 o 2 oi[oi] + o 4 o 3 o 2 [o 2 ] + o 4 o 3 [o 3 ] + o 4 [o 4 ]) (g) 7j 

+ ([ fe i] - [ & i] - 61(04] - 6104[04]) <g> 7i 

= (04[a 3 ] + o 4 ii 3 [a 2 ] + o 4 o 3 o 2 (ai] ± o 4 o 3 o 2 oi[oi]) (g) 7* 

+ (114113112(112] + 114113(113] - 61(04] - 6404(04]) <g> 7 i . 


Now it is straightforward to check that this relation gives no new informa¬ 
tion. 
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(A5). Relation (A 5 ) gives 

r \ Ab) : 0 = j ^(a 2 a 3 a 4 fri) p J ([a 2 ] + a 2 [a 3 ] + a 2 a 3 [o 4 ] + a 2 a 3 a 4 [6 4 ]) <g) 7* 

v p=0 

5 


^(aia 2 a 3 a 4 6 4 ) p ([a 4 ] + a 4 [a 2 ] + a 4 a 2 [a 3 ] + a 4 a 2 a 3 [o 4 ] 

, P =o / 

+ aia 2 a 3 a 4 [6 4 ]) <g> 7* 

/ 9 \ 

= ([a 2 ] + a 2 [a 3 ] + a 2 a 3 [a 4 ] + a 2 a 3 a 4 [6 4 ]) <g> 

V=° / 

/ 5 

- ([ai] + a 4 [a 2 ] + a 4 a 2 [a 3 ] + a 4 a 2 a 3 [a 4 ] + a 4 a 2 a 3 a 4 [6i]) 0 I y B p 

\p =0 


where A = ^;(6 1 1 a 4 1 a 3 1 a 2 x ) and B = A o i/>(a 1 1 ). 
It is straightforward to verify that 


A = 


'2 

-2 

1 

-1 

1' 



2 

-2 

1 

-1 

1' 

1 

0 

0 

-1 

1 



2 

-1 

0 

-1 

1 

1 

0 

1 

-2 

1 

© Ig- 5 > 

B = 

2 

-1 

1 

-2 

1 

1 

0 

1 

-1 

0 



2 

-1 

1 

-1 

0 

0 

1 

0 

0 

0 



1 

0 

0 

0 

0 


Ig -5 


and 


^ AP = IOC, 

p=0 


BP = 6C, 

p =0 


where 


C = 


-1 1 

-1 1 

-1 1 

-1 1 

-1 1 


-1 1 

-1 1 

-1 1 

-1 1 

-1 1 


Ig- 5- 


Hence this relation gives no new information. 

Note that at this point we proved Theorem 0 for N = N 5> 1, 


Hi{N^ y i\li)) — (a 4)3 , u 4)3 , &17 — a 4i i — a 3;3 ) = Z 2 © Z 2 © Z 2 . 
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(A6). Relation (A6) gives 


r \ M) : 0 = '^2{a 2 a 3 a4a 5 a e bi) p ([a 2 ] + a 2 [a 3 ] + a 2 a 3 [a 4 ] + a 2 a 3 a 4 [a 5 ] 

V=° ) 

+ o 2 a 3 a 4 a5[a6] + a 2 a 3 a 4 a5ae[^i]) <8> 7 % 

l 8 \ 

- ^^(aia 2 a 3 a 4 a5a66i) p ([a 4 ] +a 4 [a 2 ] +a 4 a 2 [a 3 ] + a 4 a 2 a 3 [a 4 ] 

\P=° / 

+ aio 2 a 3 a 4 [ci5] + a ia 2 a 3 a 4 <35[a@] + ciiR2Q304R506[^i]) <8> 7* 

Z 11 \ 

= ([0,2] + a 2 [a 3 ] H-b a 2 a 3 a 4 a 5 a 6 [&i]) <g> 


- ([ai]+ a 4 [a 2 ] 4-b aia 2 a 3 a 4 a 5 a 6 [6i]) <g> ^ , 

V=° ) 

where A = lfl 5~ la 4 lo 3 lfl 2 *) an( l B = Ao^(aZ). 

It is straightforward to verify that 


where 


-2 

1 

-1 

1 

0 

0 

0 

-1 

1 

0 

0 

1 

-2 

1 

0 

0 

1 

-1 

0 

0 

2 

0 

0 

0 

-1 

2 

0 

0 

0 

0 - 

1 

0 

0 

0 

0 

-2 

1 

-1 

1 

0 

-1 

0 

-1 

1 

0 

-1 

1 

-2 

1 

0 

-1 

1 

-1 

0 

0 

0 

0 

0 

0 

-1 

0 

0 

0 

0 

0 - 

0 

0 

0 

0 

0 





8 

' h 4 p = 

j 

12c , 


E B " 

0 




p =0 

-1 

1 

-1 

1 

-1 1 

-1 

1 

-1 

1 

-1 1 

-1 

1 

-1 

1 

-1 1 
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This implies that for % < 7 relation is equivalent to 

r^ 6) : 0 = ([ai] + iti[a 2 ] + 14112 [ 03 ] + itiit 2 it 3 [a 4 ] + u\u 2 u 3 it 4 [a 5 ] 

+ uiU2U 3 U4U 5 [a e ] + uiii2U 3 U4U 5 u 6 [bi}) © (71 + 72 H-h 77) 

= ([ai] + [a 2 ] + [a 3 ] + [a 4 ] + [a 5 ] + [a 6 ] + [61]) © (71 + 72 H-h 77) 

= 6 • 5ai,3 + 61,5 + 61,6 + 61,7 = ai, 3 - 

Hence generator (Gl) is trivial for g > 7. For i > 7 we get exactly the same 
conclusion as above. 

Note that at this point we proved Theorem [hi] for N = N g> 1 , where g > 7 
is odd, 

Hi(N 9i i;Z)) = (111,3,61,1 - ai,i - a 3 , 3 ) = Z 2 © Z 2 for g > 7 odd. 


(A8) for j = 1. If j = 1, relation (A 8 ) gives 

r m 8): 0 = ,i + ([01] + aiM + aia 2 [a 3 ] + aia 2 a 3 [a 4 ] + aia2a 3 a 4 [a 5 ]) 

© (Ig + M + A /" 2 + • • • + Af^) 6 2 ^7i 

— ([°l] © a l[ a 2] + Ol 0-2 [ a 3 ] + a 4 0,20-3 [a. 4 ] + Hl02fl3ffl 4 [o5] + G'lfl2Q3G'4 , 3'5 [6l]) 

© (4 + A + iV 2 + ---iV 4 )7i. 


Where A/ = i/)(a§ 1 a^ 1 a^‘ 1 aJ~ 1 ) and A = '0(6]( 1 )Af. Observe that we can 
reduce all coefficients in the above relation modulo 2 , hence as matrices for 
M and N we can take 


M = ij){u^U 4 U 3 U 2 Ui) (mod 2) 


0 1 0 
0 0 1 
0 0 0 
0 0 0 
0 0 0 
1 0 0 


0 0 0 
0 0 0 
1 0 0 
0 1 0 
0 0 1 
0 0 0 


© Ig— 6, 


N = ip(b 1 l )M (mod 2) 


0 0 1 
0 1 0 
0 1 1 
0 1 1 
0 0 0 
1 0 0 


1 1 0 
1 1 0 
0 1 0 
1 0 0 
0 0 1 
0 0 0 


© Ig- 6- 


We transform r 


(AS) 
1 :i 


further as follows. 


: 0 = 62 ,i + ([a 4 ] © {A - B) + [a 2 ] © ip(ui)(A — B) + [a 3 ] © ip(u 2 Ui)(A - B) 
+ [a 4 ] © i/j(u 3 U2Ui)(A - B) + [05] © i/j(u4U 3 U2Ui)(A - B)) 7* 

- [6l] © 'lp(u5U4U 3 U2Ul)B'y i , 
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where 


B = J2 nP ( mod 2 ) 


p=0 


10 10 10 
0 10 10 1 
10 10 10 
0 10 10 1 
10 10 10 
0 10 10 1 


A- B = S T j M p - B (mod 2) 


p=o 


I 9 - 6 ) 


0 10 10 1 
10 10 10 
0 10 10 1 
10 10 10 
0 10 10 1 
10 10 10 


■In- 


9-6- 


If i > 6 this implies that generators (G 8 ) are trivial for j = 2, and if i < 6 , 
we have 


r 


( A§ ) • n = 
1:2 ' U ~ 


b'2,1 — &1,2 — &1,4 
&2,i — &1,1 — &1,3 


bi,6 if ie {1,3, 5} 
61,5 if i G {2,4, 6 } 


( 62,1 — «i,i — < 23,3 ~ 0 , 5 , 5 ) — bifi 

(&2,i — &2,l) + (&2,1 — Ol,l — ®3,3 — 05 , 5 ) — &1,6 

(&2,i + &2,l) _ (£*2,1 — Ol,l — 03,3 — 05,5) — 61,5 


if i = 1 
if z G {3, 5} 
if i G {2,4,6}. 


Hence if j = 1 then generators (G9)-(G10) are trivial, and generator (G 8 ) 
is in the cyclic group of order 2 generated by generators (Gl). 


(A9a). Relation (A9a) gives 

r ( i A9a) : 0 = [b 2 ] © (l g - ^(b^ 1 )) 7* + [h] © (V’(^ 1 ) - 4) 7* 

_ f —(^2,4 + & 2 ,l) — (&2,3 “ ^ 2 ,l) - {p2,2 + & 2 ,l) if i < 4 
|0 if i > 4. 

This relation gives no new information. 

Note that at this point we proved Theorem 0 for N = IVg.i, 

Hi(A= (a 1 , 3 , u\ , 3 , 61,1 — agi — 03 , 3 ) = Z 2 0 Z 2 © Z 2 . 


(A8) for j > 1. We transform relation (A 8 ) in exactly the same way, as 
in the case of j = 1 , however now we know that generators (Gl) are trivial 
(since g > 8 ), hence we can completely ignore elements (ijp. Moreover, 
we can inductively assume that generators (G8)-(G10) containing bp j with 
k < j + 1 are trivial, and generators (Gil) containing bp \ with k < j + 1 

have order at most 2. Hence takes form 

?j^ 8) : 0 = bj +lji + [bj-i] © (A - B)ji - [6,] © 'ip(u 2 j + 3 U 2 j+ 2 U 2 j+iU 2 jbj\)By i , 
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where M = ip(u 2 j+ 3 U 2 j+ 2 U 2 j+iU 2 jbj\), N = ip(bj X )M and 

5 4 

A = MP 1 B = N p - 

p =o p =o 

Now we will identify matrices for M , N, A and B - the computations are 
straightforward, but a bit tedious. Using formulas for Uj and bj, we get 


M'yi = 


7 i + ( 7 i H-1-72.7-1) 

1 + 72 j +4 

if' i < 2j 

71 _|-f- 72 


if i = 2j 

7 *-i 


if 2j + 1 < * < 2j + 4 

7 » 


if i > 2 j + 4 

7 i + ( 7 i H-I-72.7-1) 

1 + 72 j +3 

if i < 2j 

72 J +4 


if i = 2j 

71 _l - |- 72j ._ 1 


if i = 2j + 1 

7*-2 


if 2 j + 2 < * < 2 j + 4 

7 * 


if i > 2 j + 4 

7 i + (71 H-I-72.7-1) 

1 + 72 j+l 

if i < 2j 

7i+2 


if 2 j < i < 2 j + 2 

71 _| - f- 72j -_ 1 


if i = 2j + 3 

72 j 


if i = 2 j + 4 

7 » 


if i > 2 j + 4 


Hence 


(Ig + M )ji = 


(-Ig + M 2 + M 4 ) 7 , = 


(71 H- 1 - 72j-i) + 72 j+ 4 if i < 2 j 

71 H-f 72 j-i + 72 j if i = 2 j 

7»-i + 7i if 2j + 1 < i < 2j + 4 

0 if % > 2 j + 4 

7* + 72i+i + 72j+3 if i < 2 j 

72 j + 72j+ 2 + 72jr+4 if i G {2j, 2j + 2, 2 j + 4} 

(71 H-h 72j-i) + 72j+i + 72i+3 if i € {2j + 1, 2j + 3} 

7i if * > 2j + 4 


2 , _ J 71 H - H 72j+ 4 if * < 2j + 4 


^ = + + — if * > 2 j + 4 

Obtained formula and our inductive assumption about generators (G8)- 
(G10) implies that we can ignore A in the relation hence it takes 

form 

: 0 = b j+ i ti + [bj-!] <8> B^ - [bj] <g> ^(u 2 j + 3U2j+2U2j+iU2jbj} l )B'y i . 
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Now we concentrate on the formulas for N 


V ’(bj l )M and B. 


N'/i 


N 2 ji 


li + (71 H-1- 72,7 — 1 ) + 72j+4 


72i + 72j+l + 72 j+2 

7i— 1 + (71 H-h 727 + 2 ) 

727+3 

7* 


if i < 2 j 
if i = 2 j 

if 2j + l<i< 2j + 3 
if i = 2j + 4 
if i > 2j + 4 


7 i + ( 7 i H- 1 - 727-1) + 727+3 if i < 2 j 

727+2 if i = 2 j 

727 + 727+1 + 727+4 if i = 2j + 1 

7»-2 + (71 + ''' + 727+1) + 727+4 if i £ { 2 j + 2 , 2 j + 3} 

(71 H-h 727+1) if i = 2 j + 4 

^7i ifi> 2 j + 4 


Hence 


(M + iV 2 ) 7i 


(IV + N 2 )N 2r )i 


727+3 + 727+4 

if i < 2 j 

727 + 727+1 

if i = 2 j 

(71 H - h 727) + 727+2 + 727+4 if i = 2 j + 1 

727 + 727+1 + 727+2 + 727+4 

if i = 2j + 2 

727+1 + 72i+4 

if i = 2j + 3 

(71 H -b 727+1) + 72j+3 

if i = 2j + 4 

0 

if i > 2j + 4 

727+1 + 72i+4 

if i < 2 j 

727 + 727+1 + 727+2 + 72j+4 

if i = 2 j 

727 + 727+2 + 727+3 + 727+4 

if i = 2j + 1 

72j+i + 727+2 

if * = 2 j + 2 

(71 + • • • + 727-1) + 72j+4 

if i = 2j + 3 

(71 + ' ' ' + 72 i+ 3 ) + 12 j 

if i = 2j + 4 

0 

if i > 2 j + 4. 


Therefore B = I g + (iV + ^ 2 ) + (iV + N 2 )N 2 is equal to 

f 7 i + 727+1 + 72 i +3 if * < 2 j 

1 727 + 727+2 + 727+4 if i £ { 2 j, 2 j + 2, 2 j + 4 } 

(71 H- 1 - 727-1) + 727+1 + 72i+3 if i G { 2 j + 1 , 2 j + 3 } 

. 7 * if * > 2 j + 4 , 


^7i= < 
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and B' = , ip(u2j+3U2j+2U2j+iU2jbj\)B is equal to 

'H + (71 H-h 727) + 727+2 + 727+4 if i < 2 j 

B , _ =i (71 H -H 727-1) + 727+1 + 727+3 if i € {2 j, 2 j + 2 , 2 j + 4 } 

727 + 727+2 + 727+4 if * € {2j + 1 , 2 j + 3 } 

, 7 i if * > 2 j + 4 . 


If i > 2j + 4 this implies that generators (G 8 ) are trivial and if i < 2 j + 4 
we get 



67+17 + 67-17 + 67-1,27+1 + 67-1,27+3 
+ bj,2j+2) - bj,2j+4 

bj+l,i + bj-l,2j + bj—\ ,27+2 + 67-1,27+4 
-{bj,2j-l + bj,2j+l) - 67,27+3 
bj+l,i + 67-1,27-1 + l,2j'+l + 67-1,27+3 

, ~{bj,2j + 67,27+2) - bj, 2 j +4 


if i < 2 j 

if z G {2j, 2j + 2, 2j + 4} 
if i G {2j + 1, 2j + 3} 




67+17 4 “ bj— 1 7 
bj+l,i + bj-i, 2 j 
bj+i,i + 67-1,27-1 


if i < 2 j 

if i G {2J- 2j + 2, 2j + 4} 
if * G {2j + 1, 2j + 3} 


(67+1,1 — 0-1,1 — ■ ■ ■ — 027+1,27+1) 

+(£>7—1,1 — ai,i — • • • — 027-3,27-3) if i = 1 

(£7+14 ± £7+14) ± (67+1,1 011 ■ 027+1,27+1) 

, ±(67-1,1 — 01,1 — ■ • • — 027-3,27-3) ± (67-1,2 + 67-1,1) if 1 < i < 2 j + 4 . 


Hence we inductively proved that generators (G8)-(G10) are trivial, and 
generators (Gil) are either trivial or they are in the cyclic group of order 2 
generated by 61 + — agi — 03,3. 


(A9b). Relation (A9b) gives 

r\ Mb) ■ 0 = [65+2] ® (l g - ^>(oji 5 )) 7 i + [a 3 _ 5 ] ® fi/’ ( 6 
(4 - V’(%- 5 )) 7 * 


7-2 ) 4 ) 7 i 


6 9-2 

2 


2 z^, 3-4 + ft £^,lJ - (&4=2, 3_ 5 - b <Lzl,l) if * ^ {s “ 5, g ~ 4} 

if * 0 {ff-5,5-4}. 


This relation gives no new information. 

Note that at this point we proved that 

Hi(M{N g ,i); Hi(N g x,Z)) = («i, 3 , 61,1 - 01,1 - 03 , 3 ) = Z 2 ® Z 2 for g > 8 even, 

which completes the proof of Theorem 0 for N = N 9t 1 . 

Now we turn to the case of a closed surface A = IV 3 where g > 4. 
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(B3). Relation (B3) has been carefully studied in Section 5.4 of 115] (it is 
called (E3) there). If g is even, it gives 

r \ ^: 0 = 201,1 + 203,3 + • ■ ■ + 2a 9 _i, 9 _i, 
which means that generator (G 12 ) is trivial, and if g is odd, it gives 

r \ ^: 0 = 2 ai,i + 203,3 + • • • + 2 a 9 _ 2, ff -2 — Qg 

— (20g_i,g_i -\- Qg— 1 + Qg) 4~ (2flg_2,g— 2 H“ Qg— 2 4“ Qg— l) 

• • • + (2oi,i + ^i + Q2) + (202,2 + 204,4 + • • • + 2 a g -i } g-i) — q\ 

= (ai,i + 202,2 + 204,4 + • • • + 2 a 9 _i, g _i — 1x1,1) — (01,1 + Qi — 1x1,1), 
which means that generator (G 12 ) is superfluous. 


(Dl). Relation (Dl) gives 

rg 1} = 0 = (|>] + g[aj] - [aj] - aj[g}) <g> 7* 


= 


% a j,j Qj Qj +1 

(2 a j,j + Qj + Qj+ 1) — 2 (ojj + CLj,j+i) 


— 2 a 


•3,1 


Hence generators (G6) are trivial. 


if i = j 
if i = j + 1 
if * 0 {j,j + !}■ 


(D2). Relation (D2) gives 

r j^ 2): 0 = ([“1] + M ite] + uig[ui] -[£»]) ® 7 i 


= ± 


(2oi,i + Qi + q 2 ) - («i,i + ui, 2 ) 

< -2(oi,i + gi - ui,i) 


0 

Hence generator (G7) has order 2. 


if 1 G { 1 , 2 } 
if i > 2 . 


(E) . Relation (E) gives no new information. 

r jT '■ 0 = ([e] + ^[ 0 ]) ® 7i = Qi - Qi = 0. 

(F) . Before we deal with relation (F) let us try to establish some simplifi¬ 
cation rules, as in the case of relations not depending on g. After rewriting 
relation (F) we will obtain a combination of generators (G1)-(G3) ((G3) 
only with j = 1), (G6)-(G7) and (G12). Since generators (G2) and (G6) 
are trivial, we can assume that in the obtained relation there are no elements 
<ij.j+\ for j = 1,..., g — 1 nor Qj for j > 2. Using generator (G12) we can also 
remove all elements a 9 _i, s _i, and since generators (Gl) and (G3) generate 
cyclic groups, we can assume that in the obtained relation we have and 
uj j only if j = 1 and i G {1, 3}. As a result we will obtain a combination of 
01,3,141,3 and generator (G7). All this elements have order 2, hence we can 
compute coefficients modulo 2. Moreover, the coefficient of generator (G7) 
is completely determined by coefficient of q 1 , so we are not really interested 
in coefficients of ai,i and «i,i. 
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For n £ {1,..., g} we define 


X n = 1 p{ll n - 1 ' ' ' U 2 Ul ■ U\) = < 


ip(ui) if n = 1 

/ 9 if n = 2 

V’t/Un-i • • • U 2 ) if n G {3,... ,g - 1}. 


Relation (F) gives 


rjP : 0 = ( ^(rtiaia 2 a 3 • • • a g -ig) p [m] <g> 7* 


' 9-2 


\p =o 

9-1 /9—2 \ 

+ ^ ^(iiiaia 2 a3 • • -a 9 -i^) p (wiai • • • a n _i)[a n ] <8) 7, 

n=l yp=0 J 

/9- 1 \ 

+ ^(«iaia 2 a 3 • • • a g -ig) p [p] <g> 7 * 

W / 

<?—2 g— 1 g—2 g—1 

= [«i] ® + ^ ^ [nn] ® x n y ^ -*?-K + [e]® £-*?-«• 

p=0 n =1 p=0 p=l 

Observe now that if n > 3 then X n acts on a basis (71,, 7 9 ) as the cycle 

7 n '-t 7 n—1 ^ 73 ^ 72 ^ 7 n 

of order n — 1 . In particular X g is the cycle 

7 9 1-7 7 ff _i 1-7 ... 1-7 7 3 1-7 7 2 1-7 7 g 

of order g — 1, hence 


9—2 g — 1 

£ 

p=0 p=l 

Therefore for i = 1 we have 


(g - 1)71 if i = 1 

72 H-b7g if t <E {2,... ,g}. 


r j F i : 0 = (g - 1) ^ugi + ^[a n ] 0 X„7i + £1^ 

= (9 — l)(tii,i + api + a 2 ,i + • • • + %_1,1 + ^1) 

Jo if g odd 

1 (ai,i + 6\ ~ tii.i) if 9 even. 
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For i > 1 we have 

(F'') 

r) :i ’ ■■ 0 = u\ 2 H- ui >g + (ai,i + ai j3 H-h ai, 3 )+ 

9-1 

+ 2 + • • • + Q-n,g) + 02 + ■ ■ • + Qg 

71=2 


_ j Ml,3 + a l,3 + («1,1 + 202,2 + • • • + 2a 9 _i ;9 _i 

1 (ai,i + 6 \ - Mi,i) 


if g is odd 
if g is even. 


Hence in all cases generators (G7) and (G12) are superfluous. 
This proves that 


H l {M{N g )-H 1 {N g -’L)) 


(«1,3> Mg3, hgi — aip — 03^} 
(mi,3, ^1,1 — «1,1 — 03,3) 


if g e {4, 5, 6 } 
if 5 > 7 


Z 2 © Z 2 © Z 2 if 5 G {4, 5, 6 } 
TL-2 © Z 2 if 5 > 7. 


which completes the proof of Theorem 0 
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